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ABSTRACT: Polysoaps, hydrophilic polymers incorporating amphiphilic monomers, form intrachain
micelles in aqueous media. The micelles are similar to those formed by monomeric amphiphiles but are
also endowed with a swollen, starlike corona formed by the spacer chains joining the amphiphiles. Long
polysoaps form strings comprising many intrachain micelles. Exchange of amphiphiles between such
micelles may give rise to bridging attraction, resulting in the adoption of a collapsed configuration in
which the swollen micelles are close packed into a spherical globule. Upon addition of free amphiphiles,
this structure unravels in a highly nonlinear fashion. Titration by surfactants, and the resulting swelling,
provide information about the configurations of the dilute polysoaps.

I. Introduction

Hydrophilic polymers incorporating, at intervals, am-
phiphilic monomers form intrachain micelles in aqueous
media.1,2 The interior of such micelles is similar to that
of micelles formed by short-chain amphiphiles. They
comprise hydrophobic cores of hydrocarbon tails with
polar or ionic head groups straddling the interfaces.
However, the exterior of the intrachain micelles exhibits
a new feature: a swollen corona of loops formed by the
spacer chains (Figure 1) joining the aggregated am-
phiphiles.3 In turn, the corona modifies the equilibrium
structure of the micelle, their interactions, and their
kinetics of equilibration. The configurations of such
polymers, “polysoaps”, are strongly affected by the
intramolecular aggregation. Also affected is the inter-
action between the polysoaps and monomeric, free
surfactants. The configurations of the polysoaps are
determined by the overall polymerization degree of the
chain, N, the number of amphiphilic monomers incor-
porated into the chain,m, and the characteristics of the
amphiphilic monomers. When N and m are large
enough, each polysoap chain can form many intrachain
micelles. Little is known of the overall configurations
of such strings of micelles. When the intrachain mi-
celles are spherical, it is possible to envision three
extreme scenarios (Figure 2): (i) a linear string of
micelles,3 (ii) a branched string of micelles,3 (iii) and a
collapsed globule of micelles (i.e., close-packed, spherical
globule of swollen micelles). This last case is expected
when the micelle-micelle interactions are attractive.
The second case corresponds to the equilibrium config-
uration when the micelles repel each other. The first
case may be favored by the kinetics of aggregation when
the micellar interactions are repulsive. At present,
there is no clear evidence favoring one scenario over the
others. Experimental studies4 do however suggest that
polysoaps may undergo configurational changes over
very long periods of time. As we shall argue, kinetics
are indeed expected to play a crucial role in the selection
of the realized configurations. In view of this, it is of
interest to explore the different scenarios and their
experimental signatures. Clearly, the three scenarios
result in different chain dimensions. They also give rise

to a different dependence of the equilibrium chain
dimensions, Req, on the concentration of free am-
phiphiles, X. This dependence is due to the incorpora-
tion of free amphiphiles into the intrachain micelles
(Figure 1). In turn, this leads, eventually, to complete
unfolding of the chain with corresponding increase in
its dimensions. As we shall argue, the Req vs X curves
should provide useful evidence on the configurations
adopted by the dilute polysoaps. In the following, we
focus on the third scenario and its signatures. Within
this scenario, the micelles attract each other because
of bridging resulting from the exchange of amphiphiles
between them (Figure 3). Our discussion is confined
to dilute solutions of noninteracting polysoaps forming
spherical intrachain micelles. The hydrophilic spacer
chains considered are neutral, flexible, and of low
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Figure 1. Schematic cross section of pure (a) and mixed (b)
intrachain micelles. The formation of mixed micelles lowers
the numbers of loops per micelle and thus the associated free
energy penalty.

Figure 2. Three extreme configurational scenarios considered
for polysoaps: (a) linear chain of micelles: (b) a branched
chain; (c) a collapsed globule of close-packed swollen intrachain
micelles. Intermediate scenarios are also possible.
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polydispersity. Furthermore, water is assumed to be a
good solvent for the hydrophilic chains. The discussion
is further limited to solutions of high ionic strength
when long-range electrostatic interactions are screened.
For simplicity, the free surfactants are chosen to be
identical to the amphiphilic monomers incorporated into
the chain. The discussion is limited to systems in which
the free amphiphiles do not adsorb on the spacer chains.
Finally, we focus on the case of long spacer chains i.e.,
1 , m , N. The following questions are addressed: (i)
What is the dependence of the polysoap equilibrium size,
Req, on N and m? (ii) How does Req vary with the
concentration of free surfactants, X?
The theory of bridging interactions5-12 has been

studied extensively in the past. The work dealt prima-
rily with the formation of physical mesogels and with
the interactions between flat surfaces. In the following,
we focus on the effect of bridging interactions on the
configurations of isolated polysoaps. The bridging at-
traction gives rise to a negative second virial coefficient,
B < 0. This suggests that the isolated polysoaps adopt
the configuration of a collapsed globule and that phase
separation between a dilute solution and a denser
physical gel takes place. However, as we shall argue,
it is necessary to allow for the dynamics of bridging. As
opposed to monomer-monomer attraction in poor sol-
vents, bridging interactions are not instantaneous.
Since the bridging is an activation process, long-lived,
metastable configurations which are free of bridging are
possible. This last point is of fundamental interest since
it suggests that the free energy surface characterizing
the configurations of polysoaps exhibitsmultiple minima.
Another novel feature concerns the formation of mixed
micelles incorporating both free and polymerized am-
phiphiles. In this system, a novel driving force, the
decrease in the coronal penalty, comes into play.
These issues are of interest from two perspectives.

First, polysoaps and the related hydrophobically modi-
fied water-soluble polymers are of practical importance
as viscosity modifiers.1,2 These associating polymers are
used in the cosmetics, paints, and paper industries in
order to adjust the flow properties of fine solid disper-
sions. Their utility is due to their shear thinning
behavior, which is attributed to the formation of weak
physical gels. The understanding of the viscoelasticity
of such gels is only possible once the configurational and
elastic properties of the polymers are clarified. The
second, more fundamental, perspective concerns the
“secondary structure” of polysoaps and its effect on their
configurations, elasticity, etc. The monomer sequence
of the polysoaps, their “primary structure”, gives rise
to secondary/tertiary structure due to their internal
micellization. This in turn modifies their behavior.
These modifications have no counterparts among simple

homopolymers and even among simple associating
polymers such as telechelic chains. On the other hand,
these features are reminiscent of biopolymers and, in
particular, proteins. These qualitatively novel effects
are thus of inherent interest within the framework of
both polymer science and the biophysics of biopolymers.
The article is organized as follows. A model of the

intrachain micelles is briefly summarized in section II.
The bridging interactions are discussed in section III.
The discussion focuses on the thermodynamic aspects
of bridging but also touches on kinetic aspects. Finally,
the effect of bridging on the equilibrium configurations
of polysoaps is considered in section IV. The interac-
tions between free surfactants and isolated polysoaps
are also considered in this section.

II. A Model of Intrachain Micelles

Since polysoaps incorporate amphiphilic monomers,
it is natural to use micelles formed by the free, unpo-
lymerized surfactants as a reference system. Further-
more, it is legitimate to ignore long-range electrostatic
interactions between the micelles because we focus on
solutions of high ionic strength. With these observa-
tions in mind, we base the discussion of the intrachain
micelles on a simple phenomenological model for free
micelles.13 Within this model, the free energy per
amphiphile, in a micelle with an aggregation number
q, kTεq, consists of two terms. The first is due to the
interfacial free energy of the core-solvent boundary.
This term favors aggregation so as to minimize the
interfacial free energy per amphiphile γkTa. Here γa
is a dimensionless surface tension and a is the surface
area per head group. The number of binary contacts
between one head group and its neighbors is propor-
tional to the surface density of the head groups, 1/a. The
associated term is thus kTK/a, where K is a constant to
be determined. Altogether εq ≈ γa + K/a and minimi-
zation with respect to a yields εq(min) ≈ 2γa0, where a0
≈ (K/γ)1/2 is the optimal area per head group. It is thus
possible to rewrite εq as εq ≈ γa0(a/a0 + a0/a). This
expression does not allow for the transfer free energy
of the hydrocarbon tail from the aqueous environment
into the core, -δkT. Strictly speaking, εq(min) ≈ 2γa0
- δ. We mostly ignore this constant term since it does
not affect the equilibrium condition. It may however
play a role in the interactions between free amphiphiles
and the polysoaps. It is possible to incorporate this
contribution into the expression for εq by rewriting it
as

where Xc ≈ exp[εq(min)] is the critical micellar concen-
tration of the free amphiphiles. Xc is then taken as an
experimentally observable value which thus reflects the
contribution of δ.
When micelles of free surfactants are considered, it

is crucial to allow also for the loss of translational
entropy upon aggregation. This contribution is clearly
absent in the case of intramolecular aggregation. In-
stead it is necessary to supplement the free energy per
surfactant by a third term3 allowing for the coronal free
energy penalty, Fcorona. The aggregation forces the
spacer chains to fold back and form loops. Since the
area per head group is rather small, the loops crowd
each other, giving rise to Fcorona. Fcorona supplements the
head group repulsion in opposing micellar growth. An

Figure 3. Bridging attraction between two intrachain mi-
celles due to exchange of amphiphiles between them.

εq ≈ ln Xc + γa0(a/a0 + a0/a - 2) (1)
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intrachain micelle comprising of p polymerized surfac-
tants is surrounded by p loops consisting each of n ≈
N/m monomers. In the following, we mostly focus on
the starlike limit when the coronal dimensions, H, are
large in comparison to the radius of the core, Rcore. As
a result, the overall micelle size is rmicelle ≈ H. The
structure of the corona is then similar to a star polymer
with 2p arms each consisting of n/2 monomers; i.e., the
corresponding star is obtained by cutting each loop in
half. The characteristics of the starlike corona, dimen-
sions, concentration profile, and free energy per arm are
well described by the Daoud-Cotton model.14-17 Within
this model, the corona is envisioned as a concentric
array of shells of close-packed screening blobs. Each
arm contributes a single blob to each shell. Thus, a shell
of radius r and area r2 consists of 2p blobs of cross
section ê2, thus leading to ê ≈ r/p1/2. Since ê ∼ φ3/4, the
concentration profile is φ ∼ r-4/3. H is determined by
the requirement of monomer conservation n ≈ ∫Rcore

Rcore+H

(ê/b)5/3ê-1 dr, where (ê/b)5/3 ≈ g is the number of
monomers in a blob of size ê and b is a typical monomer
size. The free energy per arm, as given by the kT per
blob ansatz, is Fcorona/kT ≈ ∫Rcore

Rcore+Hê-1 dr.

Fcorona and H are thus

The equilibrium structure of an intrachain micelle
corresponds to a minimum of the free energy per
polymerized surfactant3

To proceed further, it is helpful to express Fcorona in
terms of the area per head group, a, and the volume of
the hydrocarbon tail, v. For a spherical micelle com-
prising p amphiphiles Rcore

3 ≈ pv and Rcore
2 ≈ pa, thus

leading to p ≈ v2/a3. Upon defining p0 ≈ v2/a0
3, we may

rewrite Fcorona as Fcorona/kT ≈ p0
1/2(a0/a)

3/2 ln n. Intro-
duction of the dimensionless variable u ) (a0/a)3 ) p/p0
allows us to express εp as

Here κ ≈ p0
1/2 ln n/γa0 > 0 is a dimensionless parameter

measuring the relative importance of Fcorona and the
head group repulsion for a ) a0. When κ , 1, the
coronal contribution is negligible and the micelles retain
the characteristics, a0 and p0, of micelles formed by free
surfactants. In the opposite limit, κ . 1, the coronal
penalty is dominant and the intrachain micelles at
equilibrium are smaller; i.e., aeq > a0 and peq < p0. The
equilibrium micellar structure is determined by ∂εp/∂u
) 0 or

When κ , 1, the coronal contribution is negligible and
the second term may be ignored, thus leading to ueq ≈
1 or aeq ≈ a0 and to p ≈ p0. Accordingly, the micellar
size, rmicelle/b ≈ peq

1/5n3/5, is

On the other hand, when κ . 1, the first term is
negligible and thus κueq

5/6 ≈ 1, leading to ueq ≈ κ-6/5 or

The micellar size in this limit is

III. On Bridging Interactions
It is possible to estimate the strength of the equilib-

rium bridging attraction between micelles within the
framework of the Daoud-Cotton14 model. The argu-
ment proceeds as follows. First, the coronas of two
micelles can interpenetrate up to a depth comparable
to the outermost blob, ê0 ) ê(H) ≈ H/p1/2 ≈ n3/5p-3/10b.
The free energy penalty associated with such overlap
is comparable to kT. The corresponding contact area
is A ≈ Hê0. Stronger interpenetration is unlikely
because the resulting free energy price is much higher,
F/kT ≈ p3/2 ln H/D, where D is the distance between
the two micellar centers.18 Second, one may argue that
the density of bridges is proportional to the density of
loop midpoints in the overlap region.12 Within the
Daoud-Cotton model, the midpoints are all localized
in the coronal periphery. Each ê0 blob contains one end,
and the surface density of the ends at the overlap region
is thus ê0

-2. Finally, we assign each bridge an attrac-
tive free energy of kT. The total bridging free energy
between two micelles, ∆Fb, is thus

The intermicellar potential,U, reflects the combination
of the bridging attraction and the osmotic repulsion
discussed above. To obtain the corresponding second
virial coefficient, B, we approximate U as a square well
of width ê0 and depth |∆Fb| having an infinite wall at
H - ê0. Upon substitution in B ) ∫0∞ [1 - exp(-U/
kT)]r2 dr, this leads to

The first term reflects the excluded volume interactions
between the “hard repulsive walls” representing the
osmotic repulsion. The second, negative, term accounts
for the bridging attraction. The second term is domi-
nant whenever |∆Fb|/kT > ln(H/ê0) or p0.5 > ln p0.5 as is
the case when p > 1. As a result, B is negative in this
regime.
The argument presented above relies on the Daoud-

Cotton modelsin particular, on two ingredients: the
predicted concentration profile and the assumed local-
ization of the ends at the coronal periphery. Both are
confirmed by computer simulations19 as well as by
numerical SCF calculations.20,21 The two methods
reveal an extended inner region exhibiting φ ∼ r-4/3.
Furthermore, the ends are excluded from an interior
“dead zone” of width comparable toH. The ends exhibit
a Gaussian distribution consistent with the fluctuations
of the end-to-end vector of a chain confined to a conical
capillary. A purely analytical SCF theory of stars is yet
to be developed. An approximate SCF description based
on the results quoted above was recently proposed.21
Within this description the corona is assumed to consist
of two concentric regions: an inner “dead zone” contain-
ing no ends, and an exterior, thin region which is similar
to a flat brush i.e., is characterized by a parabolic profile.

H/b ≈ p1/5n3/5

Fcorona/kT ≈ p1/2 ln(Rcore + H)/Rcore ≈ p1/2 ln n (2)

εp ≈ γa0( aa0 +
a0
a ) + Fcorona/kT (3)

εp/γa0 ≈ u-1/3 + u1/3 + κu1/2 (4)

ueq
2/3 + κueq

5/6 ≈ 1 (5)

rmicelle/b ≈ p0
1/5n3/5 (6)

peq ≈ p0κ
-6/5 ≈ p0

2/5(γa0/ln n)
6/5 (7)

rmicelle/b ≈ p0
2/25n6/25(γa0/ln n)

6/25 (8)

∆Fb/kT ≈ -A/ê0
2 ≈ -H/ê0 ≈ -p1/2 (9)

B ≈ H3 - H2ê0 exp(|∆Fb|/kT) (10)
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One should note however that for extended coronas the
concentration profile and the end distribution obtained
by this approach do not agree well with the results
obtained by simulations and numerical methods. Yet,
this approach allows for more rigorous analysis of the
bridging attraction.12 The main results obtained by this
method are recovered by the simple argument presented
earlier. The main difference is that ∆Fb/kT ∼ p3/10
rather than ∆Fb/kT ∼ p1/2 and, consequently, B < 0
whenever p0.3 > ln p0.3.
The preceding discussion focused on the thermody-

namics of the bridging attraction. However, bridging,
as opposed to monomer-monomer interactions, is not
instantaneous. The exchange of amphiphiles between
the micelles is an activation process that may be slow
in comparison with the residence time of the micelles
within the interpenetration distance 2(H - ê0). Two
activation energies come into play during the exchange
process. One is δkT, the transfer free energy of the
hydrophobic tail from the core into the aqueous environ-
ment. The second is the insertion free energy of the
spacer chain into the second corona. An upper bound
for the insertion activation free energy is simply kTp1/2
ln n, the excess free energy of an arm in the corona as
compared to a free chain. This estimate is based on the
assumption that the expulsion of the amphiphile takes
place before the micelles come into contact. The height
of this barrier is reduced when the expulsion occurs
while the micelles are in contact. In such a case, the
spacer chain is expelled into a semidilute solution with
ê ≈ ê0. The reduced activation free energy is then
kT(p1/2 ln n - n/g0) ≈ kTp1/2(ln n - 1), where g0 is the
number of monomers in a ê0 blob. A more rigorous
analysis of the expulsion and the insertion processes is
possible within the framework of a Kramers type rate
theory.22 However, for our purposes it is sufficient to
consider the dominant contribution, due to the expo-
nential effect of the activation barriers. This suggests
that the characteristic time for bridging, τb, may scale
as the longest of the following: exp(δ), np1/2, and (n/e)p1/2.
These characteristic times should be compared to the
residence time, τr, of the two micelles within the
interaction distance, 2(H - ê0). τr may be identified as
the time required by a micelle in order to diffuse a
distance of ê0. Since the micellar diffusion coefficient
scales as D ∼ 1/rmicelle ≈ 1/H, we obtain τr ≈ D-1ê0

2 ∼
Hê0

2 or τr ∼ n9/5p-2/5. While these estimates are very
rough, they do suggest that τb . τr is possible if not
likely. In such cases the development of bridging
between interchain micelles in a dilute solution may be
very slow. This allows for long-lived configurations in
which the micellar interactions are repulsive because
of osmotic repulsion between the coronas. One should
note that this is only the case while the micellar
concentration is below the overlap threshold. Above this
concentration the micelles are closely packed, τr is much
longer, and bridging is thus much more likely.
On a more fundamental level, the activation processes

described above are expected to play a role in any
configurational rearrangement of the polysoaps. This,
in turn, suggests that the free energy surface corre-
sponding to the polysoap chain exhibits multiple minima.

IV. Configurations and Interactions with Free
Surfactants

The negative equilibrium B suggests that the string
of micelles adopts a globally collapsed configuration. The

chain assembles into a spherical globule of close-packed,
swollen micelles. The radius of the globule in Req ≈ (m/
peq)1/3rmicelle. Thus, for the κ , 1 limit, when peq ≈ p0
and the micellar radius is rmicelle/b ≈ p0

1/5n3/5

In the opposite limit, of κ . 1, when peq ≈ p0
2/5(γa0/ln

n)6/5 and rmicelle/b ≈ p0
2/25n3/5(γa0/ln n)6/25

For comparison purposes, Req in the κ , 1 limit scales
as Req/b ≈ N3/5p0

-2/5 for a linear string of micelles and
as Req/b ≈ N1/2n1/10p0

-3/10 for a branched string. In the
limit of κ . 1, the linear string size is Req/b ≈
N3/5p0

-4/25(γa0/ln n)12/25 while for the branched case
Req/b ≈ N1/2n1/10p0

-3/25(γa0/ln n)-9/25.
The single-chain configurations are qualitatively modi-

fied in the presence of free amphiphiles. Mixed micelles,
consisting of both free and polymerized surfactants,
begin to form once X reaches Xcac, the critical association
concentration (cac). The fraction of polymerized sur-
factants within such mixed micelles, R, decreases as X
increases. This, in turn, results in an increase in the
number of micelles. At the same time, the overall size
of the individual micelles shrinks because the number
of coronal loops decreases with R. The collapsed con-
figurations are retained over a wide X interval since B
remains negative even when the number of coronal
loops is small. The net result is an increase in the
overall size of the globule. Denoting the total aggrega-
tion number by p, the radius of a globule comprising
m/Rp micelles of size rmicelle ≈ (Rp)1/5n3/5b is

The insertion of free amphiphiles into the mixed mi-
celles ends at Xsat, the saturation concentration, when
all mixed micelles contain a single polymerized am-
phiphile. The collapsed configuration unfolds com-
pletely at the immediate neighborhood of Xsat, when the
number of loops per micelle approaches one and the
bridging attraction becomes sufficiently weak.
It is convenient to analyze the interaction of polysoaps

and free amphiphiles in terms of the grand canonical
potential Ω(p,q) ) (m/p)(pεp - fµ) given explicitly by

Here q is the aggregation number of polymerized
surfactants, f ) p - q is the number of free, nonpoly-
merized surfactants per micelle, and µ ≈ kT ln X is the
chemical potential of the free, unassociated surfactants.
The equilibrium conditions for mixed micelles, ∂Ω/∂R )
∂Ω/∂y ) 0, lead to

where y ) p/p0 and to

The cac is determined by the requirement that Ω(1, ueq)

Req/b ≈ N1/3n4/15p0
-2/15 (11)

Req/b ≈ N1/3n4/15p0
-4/75(γa0/ln n)

-4/25 (12)

Req ≈ (m/Rp)1/3rmicelle ≈ N1/3n4/15(Rp)-2/15b (13)

Ω(R,y)/mkT ≈ R-1[ln Xc + γa0(y
1/3 + y-1/3 - 2)] +

R1/2y1/2p0
1/2 ln n + (1 - R-1) ln X (14)

yeq
2/3 + κReq

3/2yeq
5/6 ) 1 (15)

1
2γa0

ln
Xc

X
) g(yeq) ≡ 1 - 1

3
yeq

-1/3 - 2
3
yeq
1/3 (16)
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) Ω(Rcac,ycac). This may be written as

where Φ(x) ) 1/3x1/3 + 5/3x-1/3 - 2.
A detailed analysis of eqs 15-17 reveals two sce-

narios. When κ > κc ) 21/4, the formation of mixed
micelles involves a discrete change in both the aggrega-
tion number and R. On the other hand, when κ < κc,
the insertion of free amphiphiles involves no discontinu-
ity in the micellar characteristics. Formally, these
features are traceable to eq 16. The function g(y) has a
maximum, gmax ) 1 - 23/2/3, at y0 ) 2-3/2. Accordingly,
eq 16 has no solution when (2γa0)-1 ln Xc/X > gmax and
two solutions when (2γa0)-1 ln Xc/X < gmax. It has a
single solution at X0 defined by (2γa0)-1 ln Xc/X0 ) gmax.
For X > X0 the two solutions are such that y > y0 and
y < y0 but only the first, y > y0, solution is physical. A
discontinuity at Xcac occurs when ueq of the pure intra-
chain micelles differs from ycac of the mixed micelles at
Xcac. Such is the case for κ > κc when ueq < y0 while the
mixed micelles are characterized by ycac > y0. Equation
17 implies that the discontinuity in the aggregation
number also imposes a discrete change in R. A detailed
discussion of these equations, to be found in ref 3, is
beyond the scope of this article. A rough idea of the
origin of these scenarios is given by the following, highly
simplified, argument. Assuming that the total aggrega-
tion number, p, remains constant, the formation of
mixed micelles at the cac results in a decrease in the
number of free amphiphiles by ∆Nsurf ≈ (m/pR)p(1 - R)
) m(R-1 - 1). At the same time, the total number of
intrachain micelles increases by ∆Nmicelle ≈ (m/pR) -
(m/p) ) (m/p)(R-1 - 1). The change in total free energy
of the system reflects four contributions. One penalty
term is due to the loss of translational entropy of the
free surfactants upon insertion into the mixed micelles,
∆Ftrans/kT ≈ ∆Nsurf ≈ m(R-1 - 1). The increase in the
number of intrachain micelles gives rise to the second
penalty term ∆Fmicelle/kT ≈ ∆Nmicellepεjp ≈m(R-1 - 1)εjp,
where εjp is the free energy per aggregated surfactant
excluding the coronal contribution. These two penalty
terms are compensated by two contributions favoring
the formation of mixed micelles. One is the transfer
free energy of the hydrophobic tails from water into the
micellar core, ∆Ftransfer/kT ≈ -∆Nsurfδ ≈ -δm(R-1 - 1).
The second is the decrease in the total coronal penalty
upon formation of mixed micelles because of the corre-
sponding decrease in the number of loops per micelle
∆FTcorona/kT ≈ (m/pR)(pR)3/2 - (m/p)(p)3/2 ) mp1/2(R1/2 -
1). At the cac the driving terms are comparable to the
penalty terms. In the κ , 1 regime ∆Ftransfer is domi-
nant, leading tom(R-1 - 1)(1 + εjp)≈ δm(R-1 - 1). Since
all terms exhibit identical dependence on R, there is no
constraint on the allowed values assumed by R at the
cac. Note that in this regime the assumption of p ≈
const′ is justified since p ≈ p0 for both mixed and pure
intrachain micelles. In marked contrast, when κ . 1
the dominant driving term is ∆FTcorona and the condition
∆FTcorona ≈ ∆Fmicelle + ∆Ftrans leads to p-1/2 ∼ (R-1 - 1)/
(1 - R1/2). This condition imposes a definite value of R
* 1 at the cac. Note however that in this limit the
assumption that p is constant is not valid. Rather it
increases since the weakening of the coronal penalty
favors micellar growth. Note further that this driving
force for the insertion of free amphiphiles into the
intrachain micelles is a distinctive polymeric feature.

It has no counterpart in the behavior of micelles formed
by monomeric amphiphiles.
Analytical expressions for Req, yeq, and Xcac are

straightforward to obtain from eqs 15-17 in the limit
of κ , 1.

and

Upon substituting Req and p ≈ Reqp0 in eq 13, we obtain,
to leading order

The swelling process of the globular state ends around
Xsat obtained from (18) by setting Req ≈ 1/p0, leading to

Since eq 18 is only valid while the number of loops is
much larger than one, this estimate of Xsat is actually
rather rough. Substituting Xsat in eq 13 gives a rough
idea of the maximal swelling while the polysoap is in a
globular state

and the corresponding swelling ratio Req(Xsat)/Req(Xcac)
≈ p0

2/15. The intriguing feature of this scenario is that
the globular state is expected to unfold completely
(Figure 4) when the number of loops per micelles is one
or less. Thus, in a narrow concentration range around
Xsat the chain will eventually attain a dimension of Req/b
∼ N3/5. This final, fully unfolded, state is achieved by
all polysoaps irrespective of their initial configuration.
It is instructive to compare the maximal swell ratio

of polysoaps for different initial configurations. We

Figure 4. Swelling behavior of polysoaps as a function of the
concentration of free surfactants X for the three extreme
configurational scenarios: (1) collapsed globule; (2) branched
string; (3) linear string.

Req ≈ ( 1
γa0κ

ln
Xc

X )2/3 (18)

yeq ≈ 1 - (9/2γa0) ln Xc/X (19)

ln Xc/Xcac ≈ p0
1/2 ln n (20)

Req(X)/b ≈ N1/3n4/15p0
-4/45(ln n)4/45(ln Xc/X)

-4/45

(21)

ln Xc/Xsat ≈ p0
-1 ln n (22)

Req(Xsat)/b ≈ N1/3n4/15 (23)

Rcac )
ln(Xc/Xcac) + γa0Φ(ueq)

ln(Xc/Xcac) + γa0Φ(ycac)
(17)
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focus on the case of long polysoaps forming strings of
micelles. The maximal swelling ratio in the following
is defined as ω ) N3/5b/Req(R)1). For the collapsed
globule scenario ω ≈ N4/15n-4/15po

2/15 when κ , 1 and ω
≈ N4/15n-4/15p0

4/75(γa0/ln n)4/25 for κ . 1. A linear string
of micelles in the κ , 1 regime is characterized by ω ≈
p0
2/5 while in the opposite limit ω ≈ p0

4/25(γa0/ln n)12/25.
Finally, in the random branching scenario ω ≈
N10n-1/10p0

3/10 for κ , 1 and ω ≈ N1/10n-1/10p0
3/25(γa0/ln

n)9/25 in the κ . 1 limit. Altogether, the dependence of
ω on N, n, and p0 in the various cases is markedly
different. This suggests ω as a diagnostic tool for the
characterization of the configurations of isolated poly-
soaps.

V. Discussion
Internal aggregation of the type considered occurs in

a wide variety of systems including multiblock copoly-
mers23 and graft copolymers24 such as hydrophobically
modified water-soluble polymers. The qualitative con-
clusions obtained in this article apply to all such
systems. However, the case of polysoaps interacting
with chemically identical monomeric amphiphiles is
especially convenient to model and analyze. It also
affords the benefit of having micelles formed by the
monomeric amphiphiles as a natural reference system.
Our discussion suggests that titration of dilute poly-
soaps with solutions of monomeric amphiphiles affords
a useful probe for the configurations adopted by the
polysoaps. In particular, the details of the R(X)eq vs X
curves and the maximal swelling ratio, ω, should allow
one to distinguish between the extreme three scenarios
discussed in this article and in ref 3. The case of
polysoaps exhibiting equilibrium characteristics due to
bridging is especially striking. In such a system the
polymers retain their collapsed globule configuration
over a wide range of surfactant concentrations. A
complete unfolding then takes place over a narrow range
of X. It is however important to bear in mind that
kinetic effects may play an important role in determin-
ing the configurations adopted by the isolated polysoaps.
Sample preparation, incubation times, etc. may thus
have strong effect on the realized configurations. This
behavior is markedly different from that of flexible
homopolymers whose configurations are determined
solely by the solvent quality. This distinctive behavior
is traceable to the multiple minima exhibited by the free
energy surface describing the configurations of the
chain. From a different perspective this complication
does have an attractive side. As noted in the Introduc-
tion, the secondary/tertiary structure exhibited by poly-
soaps is suggestive of proteins. Actually, the phenom-
enological similarity between these two families of
polymers extends further since both undergo surfactant
induced denaturation, form gels etc. However, the fact

that both species are characterized by a “rugged” free
energy surface25 suggests that there may be a deeper
similarity between them.
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